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dicate fairly strong sidewall interferences for aspect ratios
below A = 2, in contrast to most of the theories. The curve
labeled "Menard" is the exception, but this result is
questionable since a physically unrealistic flow model is being
used and slight changes in the assumptions yield quite dif-
ferent results (smaller corrections).4

The reason for the inadequacy of the theoretical methods is
seen in the insufficient consideration of three-dimensional
effects. Some indication of these effects is given in Fig. 4. It
shows pronounced pressure variation across the span as
measured by a two-spot laser velocimeter traversing four
chordwise positions.8 The traverse stations are indicated,
together with a sketch of the airfoil.

These findings confirm that the basic assumption made in
all theoretical approaches, that a global correction can be
used to account for sidewall interference effects, must be
questioned. The effects are due, in large measure, to the three-
dimensional character of the flow originating from the
mutual interaction between the sidewall boundary layers and
the pressure field produced by the airfoil. Simple global
corrections to the mainstream conditions do not adequately
account for such effects.
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Frozen Plasma Boundary-Layer Flows
over Isothermal Flat Plates—

Parametric Study

Reviews of commonly used techniques for solution of
boundary-layer problems can be found in Refs. 1-3.

One type of boundary-layer problem is the shock-wave-
generated boundary layer. For strong shock waves the shock-
induced flow must be considered as a real gas, i.e., plasma.
The ionized gas can be in either a nonequilibrium,
equilibrium, or frozen state, depending on the time given to
the flow to relax to its appropriate equilibrium state.

In a recent work of Liu et al.,4 the shock-tube-generated
flat-plate laminar boundary layer in argon was studied. In
their study the governing equations were solved using an
implicit six-point finite difference scheme for the three cases,
i.e., nonequilibrium, equilibrium, and frozen flow. It is of
interest to note that the numerical results obtained for the
frozen flow case lie closer to the experimentally measured
flow properties than the nonequilibrium values (see Ref. 4,
Figs. 13-15 and 18-20). Consequently, it is apparent that the
frozen behavior could represent quite well the shock-tube-
generated flowfield over a flat plate and should not be
considered only as a purely academic exercise.

Motivated by this fact and the known difficulties en-
countered in using the finite difference method for ionizing
boundary-layer flows, we propose a simple numerical ap-
proach to solve the frozen case of a shock-tube-generated
boundary-layer flow. This approach was successfully used for
a simple case of perfect gas flowing over the flat plate.5 The
present approach is based on the following "group property"
of Eqs. (1-3): The solution of Eqs. (1-3), i.e., 0(/3), H(p), and
a(/3), is invariant under the transformation 4>(/3) = b<t)0(a/3)y
H(p) = cH0(al3), and Ci(l3) = da0(al3). The idea for using this
type of transformation is due to Topfer,6 who solved Blasius'
equation using the transformation 0(i?) = a00(ar;). Details
concerning our solution can be found in Ref. 7.

Theoretical Background
For a supersonic flow over a flat plate one can use the

following assumptions: 1) two-dimensional steady flow;
2) laminar flow; 3) no (continuum) radiation losses; 4) no
diffusion (u — ue)\ 5) constant freestream conditions along the
flow direction; 6) no electric or magnetic fields; 7) thermal
equilibrium (T=Te); 8) frozen flow, i.e., d>e=0; 9) constant
Lenumber; 10) constantPrnumber; \l)pn = Hn [thistypeof
relation is based on the fact that for ideal gases
PIJL = (P/RT)C1T076 = C2T-°24\ hence for nonideal gases a
similar relation is assumed with an unknown power — n ]; and
12) I>5/2RT (i.e., T<2/5BI9 where T is the plasma tem-
perature and Of is the characteristic ionization temperature,
for argon 07 = 182,850 K). The following set of self-similar
equations then can be obtained.7

(H" $")'=() (D
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Introduction

THE nonlinear partial-differential equations describing
most boundary-layer problems are difficult to solve.

Consequently, many investigators resorted to using sim-
plifying similarity transformations. In complex flows, where
similarity solutions cannot be used, an exact solution for the
general boundary-layer flow equations is not possible.
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Fig. 2 Velocity and temperature dependence on Le.

Fig. 3 Velocity and temperature dependence on n.

Pr<t>H' + (HnHf ) ' + (A/4) (//"(/>'</>" ) ' + BC(H"af) ' = 0(2)

Pr<t>a'+Le(Hna')'=0 (3)

where </> is the velocity potential function, H the normalized
total enthalpy, and a the degree of ionization. Pr and Le are
the Prandtl and Lewis numbers. A, B, and C are constants
depending on the freestream flow properties, and n is the
exponential dependence of the density-viscosity product on
the temperature as defined in assumption 1 1 .

In the case of an isothermal plate the boundary conditions
are: <£(0) = 0, </>'(0) = 0, H(G) = HW, ct(0) = ctw, <t>'(o°) = 2,
H(<x>)=\, and a(oo) = l. If the plate can be considered as
relatively cold, then GLW - 0.

Since not all the boundary conditions are given at & = 0 (i.e.,
some are given at fi = oo) the problem at hand is known as a
two-point boundary-value problem. One method for solving
two-point boundary-value problems is known as the shooting
method.

The present results are based on a new approach for solving
Eqs. (1-3). In this approach a transformation by which the
problem is reduced to a Cauchy problem was found (for
details, see Ref. 7).

Results and Discussion
Equations (1-3) enable us to solve the laminar boundary

layer that develops over a flat plate when a compressible,
singly ionized gas flows over it. Such flows can be induced by
strong shock waves. For this case, the postshock equilibrium

flow properties, which are obtained behind the relaxation
zone, are the freestream properties for the boundary-layer
flow.

In our analysis we assumed that the Prandtl and Lewis
numbers are constants. In general they are functions of the
plasma temperature and its degree of ionization. When the
plasma is in a state of thermal equilibrium its degree of
ionization can be expressed in terms of the temperature and
pressure through the Saha equation, and since for boundary-
layer problems with constant freestream pressure the pressure
throughout the entire field can be considered constant, it
appears that for the problem at hand Pr and Le depend on the
temperature only. (See Ref. 3, Fig. 13.)

Liu3 studied the laminar boundary-layer problem for
nonequilibrium, equilibrium, and frozen flow cases. In his
solution of the frozen case he used p/x= 1 (i.e., n = 0), Pr=l,
and Le=\. These are unrealistic assumptions as can be
verified from Fig. 13 of Ref. 3. In addition, setting p /*=l ,
Pr= 1, and Le= 1, Eqs. (1-3) reduce to the following set:

</></>" +</>'" =0 (j>H'+H"=0 <l>ctr+cL"=0

Consequently, by using these unrealistic values, the
coupling between the equations is removed. Now the first
equation which is reduced to the well-known Blasius equation
can be solved separately! Then each of the following two
equations becomes independent, and, hence, can also be
solved separately. Thus, by selecting these numerical values
(pfji=l, Pr=l9 Le=l), Liu has artificially removed the
inherent complexity associated with Eqs. (1-3), i.e., the
coupling between these equations.

For an ideal gas, n = - 0.24, in our solution we have used
the following values: n = 0 (identical to Liu3), n= -0.24 (the
value appropriate for an ideal gas), and n = - 0.48. Using this
wide range of n enabled us to study the dependence of the
solution upon its value. Similarly, we have chosen two dif-
ferent values for Le ( = 0.3 and 0.15) and Pr ( = 0.3 and 0.65).
Thus, the dependence of the flowfield on Le and Pr was also
studied. Our selected values for n, Le, and Pr insure that the
coupling between Eqs. (1-3) remains throughout the entire
solution.

The temperature and velocity dependence on Pr and Le is
shown in Figs. 1 and 2, respectively. While a change from 0.3
to 0.65 in Pr indicates a noticeable change in the profiles (Fig.
1), a change from 0.15 to 0.3 in Le hardly affects the velocity
and temperature profiles.

Figure 3 illustrates the dependence of the flow on n. It is
clearly seen that the smaller n is (i.e., more negative), the
longer it takes to reach the inviscid uniform flow properties
(i. e., the boundary layer is thicker).

Conclusions
The boundary-layer equations of a partially ionized frozen

flow over a flat plate has been solved using a new approach in
which the problem at hand was reduced from a two-point
boundary-value problem to a Cauchy problem, thus offering
a simple, stable, and relatively inexpensive solution technique.
The method was applied to a strong shock-induced argon flow
over an isothermal flat plate.

Since the method requires constant values for the Prandtl
and Lewis numbers and the exponential dependence of n of
the density viscosity product p/* upon the temperature T, the
dependence of the flow inside the boundary layer on Pr, Le,
and n was investigated. It was found that while Pr and n
strongly affect the obtained flowfield, the influence of Le is
negligibly small.

As a closing remark, it is of interest to note that the findings
of Liu et al.4 indicated that the frozen behavior represents the
shock-induced flowfield over a flat plate quite well and,
hence, the frozen solution should not be considered as a
purely academic exercise only.
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disturbance with the same aR, but with a resultant wave
number \T(a2 + /32) equal to the two-dimensional a. We
consider only neutral disturbances for simplicity, but this is
not a necessary restriction.

Small-Disturbance Theory
Following Benney3 we assume that the small three-

dimensional disturbance has the form

(la)

(Ib)

dc)

(Id)

where the ^-dependent amplitudes indicated by a caret above
the quantity are the "disturbance wave functions" and the
sin/% factor in w is necessary to satisfy the continuity
equation. Substituting into the Navier-Stokes equations and
linearizing, we obtain a system of equations for the distur-
bance wave functions, on a two-dimensional mean flow

w=w(y)eia(x-ct)sin/3z

Calculation of Three-Dimensional
Instability of a Blasius

Boundary Layer
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Introduction

TRANSITION in a boundary layer below a freestream of
low turbulence level and small spatial variations consists

of the following stages: 1) the appearance of two-dimensional
Tollmien-Schlichting waves; 2) with the increase of the
Reynolds number as flow goes downstream, three-
dimensional waves appear—the subject of the present Note; 3)
the onset of nonlinear effects as the wave amplitude grows;
and 4) the onset of randomness beginning as modulation of
the higher harmonics in the concentrated shear layers.

Stage 1 can be well described by linear theory for two-
dimensional infinitesimal disturbances. The third stage is
distinguished by the onset and increase of the nonlinear ef-
fects. Perhaps the problems involved in this state are the most
important and complicated in the transition process.

Wortmann1 proposed a model for the disturbance structure
in the second, incipiently three-dimensional stage, based on
his own measurements. The disturbance was proposed to
consist of longitudinal counterrotating sheets of vorticity,
inclined downstream and overlapping each other like roof
shingles. Complete three-dimensional solutions, even of
linearize equations, would be very time-consuming. In this
Note we show that Squire's theorem2 relating two and three-
dimensional disturbances, together with the fact that
(longitudinal) wave number a. appears in the Orr-Sommerfeld
linearized stability equation only in the group ctR (where R is
the Reynolds number), can be used to relate known two-
dimensional eigenfunctions to a small three-dimensional
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Fig. 1 Variation of velocity w with time over one period at a fixed x
position for different heights: 1) w(t) at different values of y/d; b) H>(y)
at 30 deg phase intervals [—, present calculations; ———, ex-
periment (Ref. 1) ].


